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Analytic calculation of arbitrary matrix elements for the boson exponential quadratic operator

Jian-wei Pan,1 Qin-xi Dong,2 Yong-de Zhang,3 Guang Hou,3 and Xiang-bin Wang4
1Institut für Experimental Physik, Universita¨t Innsbruck, Technikerstrasse 25, A-6020 Innsbruck, Austria

2Gemeinsame Institutseinrichtung Laboratory, Universita¨t Innsbruck, Technikerstrasse 13, A-6020 Innsbruck, Austria
3Department of Modern Physics, University of Science and Technology of China, Hefei, Anhui, 230027, People’s Republic of

4Department of Physics, Hong Kong University of Science and Technology, Kowloon, Hong Kong, People’s Republic of Ch
~Received 9 December 1996!

Making use of the transformation relation between the ordinary form and the antinormal product form of
boson exponential quadratic operators~BEQO’s!, we present an effective method which can be conveniently
used to calculate arbitrary matrix elements of BEQO’s. By this method, some important matrix elements have
been calculated analytically. As a preliminary application, we obtain the exact solution of the density matrix
and partition function for the general boson quadratic Hamiltonian without any information for the energy
level. As a natural extension, we also obtain the partition function for a general fermion quadratic system.
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I. INTRODUCTION

It is well known that the calculation of matrix elemen
for boson exponential quadratic operators~BEQO’s! plays a
fundamental and important role in modern quantum phys
~e.g., the calculation of the density matrix, Feynman’s pro
gator, scattering matrix, etc.!. However, to the best of ou
knowledge, till now only a few special cases have been
culated analytically, and no one has given a univer
method to calculate matrix elements of BEQO’s.

Recently, Wang and co-workers@1,2# proposed a genera
approach to transform a BEQO into its normal and antin
mal product forms from the viewpoint of linear quantu
transformation theory~LQT! @3,4#. Since Refs.@3,4#, LQT
has been used to solve a series of physical problems@5,6#.
Motivated by Refs.@2–4#, in the present paper we develop
universally effective method to calculate arbitrary matrix
ements of BEQO’s analytically. By this method, we analy
cally calculate the transition matrix elements of BEQO’s
the particle-number representation, and the matrix elem
of BEQO’s in theP representation.This method shows tha
one can obtain analytic expressions of the density matrix
partition function for a general boson quadratic Hamiltonia
without any information of the energy level. As a special
case, the density matrix and partition functions of coup
nonidentical harmonic osillators~CNHO’s! have been briefly
discussed. As a natural extension, we also obtain the p
tion function for a general fermion quadratic system.

II. GENERAL FORMULA OF CALCULATING MATRIX
ELEMENTS OF BEQO’s

Let us introduce the following fundamental operator:

L5~a†,ã!, ~1!

where

a†5~a1
† ,a2

† , . . . ,an
†!,

ã5~a1 ,a2 , . . . ,an!.
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† and ai ( i 51,2, . . . ,n) are n-mode boson creation an

annihilation operators, respectively. Thus, without any lo
of generality, the ordinary form of a BEQO can be written
@1#

V5exp$ 1
2 LNSBL̃%, ~2!

whereN and(BPC2n32n,

SB5S 0 I

2I 0D ,

andN satisfiesN( B̃5N(B .

Denoting

eN5S A D

B̃ C̃
D ,

then, by Eq.~5! of Ref. @2# ~or see Appendix A!, we can
obtain the antinormal product expression ofV,

V5expH 1

2
LNSBL̃J

5@detA#2 1/2‡expH 1

2
LS 2A21D 12A21

12A21̃ B̃A21 D SBL̃J ‡,

~3!

where the notation ‡•••‡ means the antinormal product; fo
example, we have ‡a2a†1a†2

a‡5a2a†1aa†2
, while the

well-known normal product notation :•••: means that
:a2a†1a†2

a:5a†a21a†2
a @7#.

An arbitrary matrix element of the BEQO can be writte
as

^cuVuw&.

In Fock space, state vectors^cu anduw& can be expressed a
follows:
2553 © 1997 The American Physical Society
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^cu5^0uc~a!,

uw&5w~a†!u0&,

where c(a) „w(a†)… is a function abouta(a†). Using Eq.
~3!, we have

^cuVuw&5@detA#2 1/2^0u‡c~a!

3expH 1

2
LS 2A21D 12A21

12A21̃ B̃A21 D L̃J ,

~4!

w~a†!‡u0&.

Let us denote

‡exp@a†~12A21!a#‡5 (
n,m50

`

Cn,mana†m.

Thus Eq.~4! can be rewritten as
to
n
io
on
^cuVuw&5@detA#21/2^0u‡c~a!e~1/2! ãBA21a

3 (
n,m50

`

Cn,mana†me2~1/2!a†A21Da†̃
w~a†!‡u0&.

~5!

Considering the supercomplete multimode coherent state@8#

E uZ&^Zud2Z51, ~6!

where

Z̃5~Z1 ,Z2 , . . . ,Zn!, d2Z5)
i 51

n Fd2Zi

p G ,
uZ&5uZ1 ,Z2 , . . . ,Zn&5expH 2

1

2
Z†Z1a†ZJ u0&.

Inserting Eq.~6! into Eq. ~5!, we obtain
^cuVuw&5E d2Z@detA#21/2^0u‡c~a!e~1/2! ãB̃A21a (
n,m50

`

Cn,manuZ&^Zua†m
e2 ~1/2!å†A21Da†̃

w~a†!‡u0&

5@detA#2 1/2E d2Z^0u‡c~Z!e~1/2! Z̃B̃A21Z (
n,m50

`

Cn,mZnuZ&^ZuZ1m
e2 ~1/2! Z†A21DZ†̃

w~Z†!u0&

5@detA#2 1/2E d2Z c~Z!expH 1

2
~Z,Z†!S 2A21D 2A21

2Ã21 B̃A21 D S Z†̃

Z
D J w~Z†!, ~7!
where we use the following relation:

^0uZ&5^Zu0&5e2 ~1/2! Z†Z.

Now we transform the calculation of the matrix element in
a simple integral of theC number. Obviously, the operatio
of theC number is much more convenient than the operat
of the operator. For the convenience of further applicati
let us consider the followingc(a) andw(a†):

c~a!5S )
i 51

n

ai
mi D ea8 ãa1 ãb8,
n
,

w~a†!5eaa†a†̃1a†bS )
j 51

n

aj
1nD ,

wherea,a8PC, b,b8PCn, mi ,nj50,1,2, . . . , and

b̃5~b1 ,b2 , . . . ,bn!,

b̃85~b18 ,b28 , . . . ,bn8!.

Then Eq.~7! turns into
^cuVuw&5@detA#2 1/2E S )
i 51

n

Zi
mi D ea8 Z̃Z1 Z̃b8expH 1

2
~Z†,Z̃!S 2A21D 2A21

2A21̃ B̃A21 D S Z†̃

Z
D J eaZ†Z†̃1Z†bS )

j 51

n

Zj
†nj D d2Z

5@detA#21/2F)
i 51

n S d

dri
D miGF)

j 51

n S d

dsj
D njG E expH 2

1

2
~Z†,Z̃!S 2A21D22a 2A21

2Ã21 B̃A2122a8
D S Z†̃

Z
D 1~ b̃1 s̃,b̃8

1 r̃ !S Z†̃

Z
D J d2ZU

r 5s50

. ~8!

Using a Gaussian multiple intergral formula, we have
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E d2Z expH 2
1

2
~Z†,Z̃!QS Z†̃

Z
D 1~ ũ ,ỹ !S Z†̃

Z
D J 5@~21!ndetQ#21/2expH 1

2
~ ũ,ỹ !Q21S u

y D J , ~9!

whereQ5Q̃, Q is nonsingular, andu,yPCn.
Thus we can easily obtain the analytic expression of Eq.~8!:

^cuVuw&5FdetA detS A21̃ 2B̃A2122a8

A21D22a A21 D G21/2F)
i 51

n S d

dri
D miGF)

j 51

n S d

dsj
D njGexpH 1

2
~ b̃1 s̃,b̃81 r̃ !

3S 2A21D22a 2A21

2Ã21 B̃A2122a8
D 21S b1s

b81r D J U
r 5s50

. ~10!
o
nt
n
E

e

l-

e
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III. APPLICATIONS

In this section, we will calculate the matrix elements
BEQO’s in particle-number and coherent-state represe
tions, and obtain the density matrix and partition functio
for a general boson quadratic system by making use of
~10!.

A. Calculation of ŠmzVzm8‹ in particle-number representation

In Fock space, the particle-number eigenstates can be
pressed as

^mu5^0u)
i 51

n ai
mi

Ami !
,

um8&5)
j 51

n aj
†mj8

Amj8!
.

From Eq.~10!, we immediately get the transition matrix e
ement

^muVum8&

5Fdet A detS Ã21 2B̃A21

A21D A21 D G21/2

3F)
i 51

n
1

Ami !
S d

dri
D miGF)

j 51

n
1

Amj8!
S d

dsj
D njG

3expH 1
2 ~ s̃, r̃ !S A21D A21

Ã21 2B̃A21D 21S s

r D J U
r 5s50

.

~11!

B. Calculation of Š2bzVzb‹ in the coherent-state
representation

P representation is an important application of the coh
ent state@9,10#. In this representation an operator can
written as the following diagonal form:
f
a-
s
q.

x-

r-

V5E uZ8&^Z8uP~Z8!d2Z8, ~12!

where

P~Z8!5exp$Z8†Z%E d2b^2buVub&

3exp$b†b1b†Z82Z8†b%.

ub& is a coherent state. Obviously, the calculation
^2buVub& is very important to obtainP(Z8).

For the case of̂2buVub&, we have

c~a!5e2 ~b†b/2! 2b†a,

w~a†!5e2 ~b†b/2! 1a†b.

From Eq.~10!, we obtain

^2buVub&

5FdetA detS Ã21 2B̃A21

A21D A21 D G2 1/2

e2b†b

3expH 1

2
~ b̃,2b†!S A21D A21

Ã21 2B̃A21D 21S b

2b †̃D J .

~13!

C. Density matrix and partition function for a boson
quadratic system

Let us consider a general quadratic boson system wh
Hamiltonian is described by

Ĥ5a†aa1a†gã†1ãg†a, ~14!

where a is an n3n Hermitian matrix, andg is an n3n
complex symmetric matrix. If we denote

N5S a 22g

2g† 2ã D ,
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Eq. ~14! can be rewritten as

Ĥ5 1
2 LNSBL̃2 1

2 tra, ~15!

Since 2 1
2tra is a constant, for the convenience of discu

sion, we could only consider the following Hamiltonian:

Ĥ5 1
2 LNSBL̃. ~16!

It is well known that in coordinate representation the dens
matrix elements of the above system are defined as

r~x,x8,b!5^x1 ,x2 , . . . ,xnue2bĤux18 ,x28 , . . . ,xn8&,
~17!

whereb5 1/kT , andk is the Boltzmann constant. In Foc
space, the coordinate eigenstates can be expressed as

ux8&5ux18 ,x28 , . . . ,xn8&

5p2 n/4e2 ~1/2! a†a†̃1&a†x82 ~1/2!x8̃x8u0&,

^xu5^x1 ,x2 , . . . ,xnu5p2 n/4e2 ~1/2! ãa1& ãx2 ~1/2! x̃ x.

Denoting

e2bN5S A1 D1

B1̃ C1̃
D ,

then, from Eq.~10!, we finally obtain the analytic expressio
of the density matrix elements
h
tic

ze
u-
r

ca
ge
-

-

^xue2bĤux8&

5p2 n/2e2 ~1/2! ~x8̃x81 x̃ x!

3FdetA1detS A1̃
21 2B1̃A1

2111

A1
21D111 A1

21 D G2 1/2

3expH ~x8̃,x̃!S A1
21D111 A1

21

A1̃
21 2B1̃A1

2111D 21S x8

x D J .

~18!

Blainzot obtained the exact solution of the partition fun
tion for the HamiltonianĤ05( i j ai

†hi j aj @11#:

Tr~e2bĤ0!5det~12e2bh!21. ~19!

Equation~19! is very important in the Hartree-Fock approx
mation of the partition function, because one can always
it to approximate the partition function of the quadra
HamiltonianĤ8,

Ĥ85(
i j

Ti j ai
†aj1

1
4 (

i jkl
Vi jkl ai

†ajak
†al .

However, a more complete quadratic Hamiltonian could
described by Eq.~16!. To our knowledge, no one has ev
obtained the exact solution of the partition function for t
HamiltonianĤ.

Using Eq.~18!, it is easily to obtain the partition function
for the HamiltonianĤ ~see Appendix B!,
Tr~e2bĤ!5E dx^xue2bĤux8&ux5x8

5p2 n/2FdetA1detS A1̃
21 2B1̃A1

2111

A1
21D111 A1

21 D G2 1/2

3E dx expH ~ x̃,x̃!S A1
21D111 A1

21

A1̃
21 2B1̃A1

2111D 21S x

xD 2 x̃xJ
5UdetA1detS A1

21D1 A1
2121

A1̃
2121 2B̃1A1

21DU2 1/2

. ~20!
ch-

but
c-
, to
an-

tem.
q.
he

om-
Furthermore, Eq.~20! can be simplified as~also see Appen-
dix B!

Tr~e2bĤ!5udet~ebN21!u2 1/2. ~21!

Up to now, we have first obtained exact solutions of t
density matrix and partition function for a boson quadra
system. It is easy to verify that the result of Eq.~21! is
consistent with that of Blainzot. We would like to emphasi
the following: Usually, the partition function can be eval
ated only after we have some knowledge about the ene
levels of the system. But for the quadratic system we
now evaluate its partition function without any knowled
e

gy
n

about its energy levels by using the antinormal product te
nique. We also note that Bogolubov@12# presented a pro-
gram to solve the energy levels of the quadratic system,
the analytic solution of the density matrix and partition fun
tion for a boson quadratic system has never been given
our knowledge. Indeed, our method at least has two adv
tages: First, from the theoretical point of view, using Eq.~21!
one can directly discuss some global features of the sys
Second, from the point of view of practical computation, E
~21! can greatly reduce computation time and simplify t
computation program, because in Eq.~21! the crucial com-
putation step only involves the computation of (bN)n/n!,
and in the sense of approximation one can interrupt the c
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putation of the computer at some suitable numbern after
arriving at the desired accuracy.

In a recent paper@13#, Fan and Chen obtained the solutio
of the density matrix for a triatomic linear molecule which
a type of three-dimensional CNHO. However, in the lite
ture the solution for an arbitrary number of CNHO is still le
as a challenge for the future@13,14#. By using Eqs.~18! and
~21!, we can directly obtain the density matrix and the p
tition function for an arbitrary CNHO, whose Hamiltonian
given by

Ĥ5(
i 51

n F P̂i
2

2mi
1

1

2
miv i

2x̂i
2G1 1

2 (
i , j 51

n

ki j x̂i x̂ j

5 P̃̂~2M !21P̂1 x̃̂~ 1
2 MV21 1

2 K !x̂, ~22!

where

P̃̂5~ P̂1 ,P̂2 , . . . ,P̂n!, x̃̂5~ x̂1 ,x̂2 , . . . ,x̂n!,

M5S m1 0

m2

�

0 mn

D ,

V5S v1 0

v2

�

0 vn

D , K5~Ki j !n3n .

Defining

~ x̃̂, P̃̂!5~a†,ã!S 1

&
i

\

&

1

&
2 i

\

&

D ,

we easily have

@ai
†,aj #5d i j ,

ux&5p2 n/4e2 ~1/2! a†a†̃1&a†x2 ~1/2! x̃ xu0&,

wherex is a C number, thus Eq.~22! reads
-

-

Ĥ5 1
2 ~a†,ã!

3S 1
2 MV21 1

2 K2
\2

2M
1
2 MV21 1

2 K1
\2

2M

1
2 MV21 1

2 K1
\2

2M
1
2 MV21 1

2 K2
\2

2M

D S a†̃

a
D

5 1
2 LNSBL̃,

where

N5S 1
2 MV21 1

2 K2
\2

2M
1
2 MV21 1

2 K1
\2

2M

1
2 MV21 1

2 K1
\2

2M
1
2 MV21 1

2 K2
\2

2M

D .

Let

e2bN5S A2 D2

B2̃ C2̃
D .

Thus, from Eqs.~18! and ~21!, one can directly obtain the
exact solution of the density matrix and partition function f
Eq. ~22!.

D. Case of the fermion quadratic system

As a natural extension, let us consider the general ferm
quadratic Hamiltonian as follows:

Ĥ5b†ab1b†gb̃†1b̃g†b, ~23!

wherea is ann3n Hermitian matrix,g is ann3n antisym-
metry complex matrix, and

b†5~b1
† ,b2

† , . . . ,bn
†!,

b̃5~b1 ,b2 , . . . ,bn!.

bi
† andbi ( i 51,2, . . . ,n), respectively, are fermion creatio

and annihilation operators inn-mode Fock space. Equatio
~23! can be rewritten as

Ĥ5 1
2 LNL†1 1

2 tra, ~24!

where

L5~b†,b̃! N5S a 2g

2g† 2ã D .

Now we would like to point out that one can also eas
construct the antinormal product technique for the ferm
case within the frame of the Grassmann number@8#. Thus
after a similar deduction we can finally obtain the partiti
function for the fermion quadratic system:



Z

p

m

f

s

al

e
n

2558 56PAN, DONG, ZHANG, HOU, AND WANG
Z~b!5e2 ~1/2!b traudet~ebN11!u1/2. ~25!
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APPENDIX A: PROOF OF EQ. „3…

Indeed, operatorV can be regarded as a linear quantu
transformation~LQT! operator. Let us denote

M5eN5S A D

B̃ C̃
D .

By Ref. @4#, V andM thus satisfy

VLV215LM , ~A1!

MSBM̃5M̃SBM5SB . ~A2!

Using Eq.~A2!, we immediately have

ÃB̃2BA50,
~A3!

ÃC̃2BD51.

If A21 exists, by Eq.~A3! one can obtain

C̃5Ã211B̃A21D, ~A4!

by which matrixM can thus be rewritten as

M5eN5S 1 0

B̃A21 21D S A 0

0 Ã21D S 1 A21D

0 1 D .

~A5!

Therefore, the action ofV is equivalent to the product o
three LQT operators, i.e.,

V⇔V1V0V2 , ~A6!

whereV1 , V0 , andV2 , respectively, satisfy

V1LV1
215LS 1 0

B̃A21 0D ,

V0LV0
215LS A 0

0 Ã21D ,

V2LV2
215LS 1 A21D

0 1 D .

From Eq.~20! of Ref. @3#, we can easily obtain

V15exp$ 1
2 LN1SBL̃%, ~A7!

V05exp$ 1
2 LN0SBL̃%, ~A8!
.

-

V25exp$ 1
2 LN2SBL̃%, ~A9!

where

N15S 0 0

B̃A21 0D , N05S lnA 0

0 lnA21D ,

N25S 0 A21D

0 0 D .

BecauseV1 , V0, andV2 , respectively, only contain term
of aiaj , ai

†aj , andai
†aj

† , using the following formula@7#:

ea†lnAa1trA5‡ea†~12A21!a‡, ~A10!

and Eqs.~A6!–~A9!, one can then obtain the antinorm
product expression ofV:

VAN5V1V0V2

5‡ expH 1

2
LS 2A21D 12A21

12A21̃ B̃A21 D SBL̃J ‡.

~A11!

ObviouslyVAN performs the same LQT, i.e,

VANLVAN
215LM .

Thus by Ref.@4#, we have

V5const3VAN ,

where const is aC number. Imitating the calculation of th
Appendix of Ref.@1#, it is easy to calculate the expectatio
values ofV andVAN in the vacuum state:

^0uVu0&5@detC#2 1/2,

^0uVANu0&5@detA/detC#2 1/2.

Finally, we arrive at Eq.~3!,

V5@detA#2 1/2VAN.

APPENDIX B: DEDUCTION OF EQS. „20… AND „21…

Proof 1: Denoting

S A1
21D111 A1

21

A1̃
21 2B1̃A1

2111D 21

5S T W

U V D ,

we have
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Tr~e2bĤ!

5p2 n/2F ~21!ndetA1detS T W

U V D 21G2 1/2

3E dx exp$x̃~T1W1U1V21!x%

5F ~21!ndetA1detS T W

U V D 21

3detS 12T2W 2T2W

2U2V 12U2VD G2 1/2

5H ~21!ndetA1detF S T W

U V D 21

1S 21 0

0 21D
1S 0 21

21 0 D G J 2 1/2

5F ~21!ndetA1detS A1
21D1 A1

2121

A1̃
2121 2B̃1A1

21D G2 1/2

5UdetA1detS A1
21D1 A1

2121

A1̃
2121 2B̃1A1

21DU2 1/2

.

Proof 2: BecauseN satisfies

NS B̃5NSB ,

by Ref. @4#, one easily finds
e

H

e2bNSBe2bÑ5SB

and

C15A1
211D 1̃A1̃

21B1 .

Therefore,

ebN5SBe2bÑSB
215S C1 2D 1̃

2B1 A1̃
D .

Thus

udet~ebN21!u5UdetS C121 2D 1̃

2B1 A1̃21D U
5UdetS A1

211D 1̃A1̃
21B121 2D 1̃

2B1 A1̃21D U
5UdetS A1

2121 2D̃A1̃
21

2B1 A1̃21
D U

5UdetS 2D 1̃A1̃
21 A1

2121

A1̃21 2B1
D U

5UdetS D 1̃A1̃
21 A1

2121

12A1̃ 2B1
D U

5udetA1̃uUdetS A1
21D1 A1

2121

A1̃
2121 2B1̃A1

21D U.
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